I Appl. Maths Mechs, Vol. 61, No. 5, pp. 733-742, 1997
© 1998 Elsevier Science Ltd
Pergamon All rights reserved. Printed in Great Britain

PH: S0021-8928(97)00096-8 0021-8928/97 $24.00+0.00

COMPUTATION OF AN OPTIMAL MANIFOLD TO
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ATTAINMENT WITH THE LEAST EXPENDITUREY
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A method of choosing from among a long list of targets which move along known paths, those which can be attained with minimum
losses with respect to the functional, is proposed. It involves interpolating the parameter values needed to construct optimal
paths as solutions of the Cauchy problem. These parameter values are proved to be continuously dependent on the terminal
coordinates in a small neighbourhood of the starting point. Asymptotic formulae are given for the initial approximations. The
choice of the nearest asteroids as targets for the fastest flight of a spacecraft with a solar sail is discussed. © 1998 Elsevier Science
Ltd. All rights reserved.

How to minimize the loss functional as a dynamical controlled system approaches a target which is
moving along a given trajectory is a problem of optimal control, and is usually solved by means of the
maximum principle [1]. It is reduced to a two-point boundary-value problem for ordinary differential
equations, yielding a system of equations which is non-linear in the boundary values of the conjugate
variables, the system coordinates and the time of displacement. Solving this system in order to reach
a specific target involves two steps: seeking an initial approximation and improving that approxima-
tion, by Newton’s method, for example. The boundary conditions and initial approximations are different
for each set of boundary conditions and the problem has to be solved separately for each target. If there
is a large number of possible targets, one must first select the most valuable among them, as reflected
by the numerical value of the minimized functional, and then calculate the corresponding optimal paths.

If this involves inspecting the solutions of the boundary-value problems for each target in succession,
it could be a very lengthy procedure. We therefore propose dividing it into two stages. In the first stage,
the optimum boundary values of the conjugate variables and transference time are found for a grid
of values of the terminal coordinates of targets which lie within the region of interest. The solution
for the entire interior of the region is then interpolated from the discrete values of these parameters,
giving a “bank of optimum parameters” to be used in the second step. The latter consists of calculating:
(1) the optimum values of these parameters for given targets with known paths which intersect the region
of interest, and (2) the paths along which these targets are reached with the least expenditure.

Below we use this method to analyse and select asteroids which can be reached fastest by a spacecraft
with a solar sail and we calculate the corresponding optimal flight paths.

1. STATEMENT OF THE PROBLEM; THE MAXIMUM PRINCIPLE

Consider a dynamical controlled system, the motion of the phase point of which in the phase space
of statesx, v; x € X, v € V, where X, V C E" are convex regions, is governed by the equations

k=f(xp), v=g(xy,u), uel (1.1)
fiR*XR*—>R", gR"XR"XR" > R"
The control u is varied freely as far as the boundary of some set U C R™. Let the initial phase state
x = 0, v = 0 for the control u® = const € U be a point of rest of system (1 1).
In space X, there are N bodies moving along known smooth paths¥;(¢),i = 1,2, ..., N. The problem

is to choose an optimal control which, under the necessary condition that at some encounter time X,(t,)
the coordinate x of system (1.1) is equal to ¢, minimizes the loss functional
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®(2, — 1,0 (2,)) - min. (12)

for those X(¢) for which this functional is no greater than a given positive quantity ®°, where v(z,) is
the velocity of the phase point at the time of encounter, and ¢ is the starting date.

Suppose that for each x, € X°, where X° is some convex set: X° C X, 0 € X°, we have found the
minimum value of the loss functional ®*(x,) = ®(T(x,), v(x,)) < ®°, where T(x,), v(x,) are the time of
displacement to the point.x, and the finite velocity of a point M moving along the optimum path satisfying
Egs (1.1). Then the dependence @,(t,) = ®*(%(¢,)) of the minimum value of the functional from the
date ¢, of encounter with a given body ¥(f) and also the starting date

L=t — T(i(tr » (1'3)

can be calculated. The problem is simplified considerably by assuming that the initial value x(0) = 0,
v(0) = Qs a point of rest of system (1.1), since the starting time has no effect on the subsequent optimum
motion of the point M and is chosen using formula (1.3).

We now consider the boundary-value problem of the maximum principle to be solved for different
values of x, € X°. Suppose p(t) € E", q(t) € E" are differentiable functions which are conjugate tox, v
respectively (E” is the Euclidean space conjugate to E"). From the necessary condition of optimality
in the form of the maximum principle [2], it follows that there is a number ay = 0 such that the optimal
control and trajectory satisfy the following equations

xX(0) = f(xw), v()=glxv,u(g,xv))

p == a—f - -a-g— u 7 = - —a—f— —_ ..a_g_. i
pit)=-p I (xv)-q 3 (xv,u), g()=-p 3 (xv)-q 3 Y E)
x(0)=0, v(0)=0, x(T)=x,, ¢(T)=-ay %‘D(T,v () (1.4)

H(xv, p,q,i)ly = a, ade)(T.u )]

u(q,xv)= argmax,.p (q’g(x’u 1))

In the usual notation, x, v, f, g are column vectors, p and g are row vectors, dffax, df/av, dg/ax, dg/dv
are (n X n) matrices, (. , .) is the matrix product of a row and column vector and H(x, v, p, q, u) = (p,
flx, v)) + (g, g(x, v, u)) is the Hamiltonian of system (1.1).

The numerical value of the parameter ag(0 < ay < o) does not affect the trajectory and control in
system (1.4) which satisfy the maximum principle. Moreover, the fact that system (1.4) is autonomous
ensures that H is constant; then since f(0, 0) = 0, from (1.4) we obtain

H(T)= H(0)=(q(0), £(0,0,2))=ay, %‘;—)(T,v ()

and the arbitrariness in the choice of ay can be removed by introducing the normalizing condition
q@) Il = 1.

The optimal trajectory can be computed if the missing values of the transference time and conjugate
variables in system (1.4) at the left- or right-hand end of the trajectory are known. At the left-hand end
we need only determine the initial values of py = p(0), g = ¢(0) and the displacement time T or at the
right-hand end—p, = p(T), v, = v(T) and T. Then a complete solution can be obtained by solving a
Cauchy problem for Eqgs (1.4). If the solution is unique, it is optimal.

Definition. An optimal manifold for the equations of a controlled object (1.1) which travels to the
terminal point x, with minimum expenditure (1.2) is a set of functions {®*, T, py, qo}(x,) at the left-
hand end of the optimal trajectory, or {®*, T, p,, v, }(x,) at the right-hand end, which are a solution of
boundary-value problem (1.4) in the region x, € X6 CXCE"

2. A UNIQUENESS THEOREM FOR THE OPTIMAL MANIFOLD IN THE
NEIGHBOURHOOD OF THE POINT x = 0

We will use the following notation: f2 = £,(0, 0) is an (n x n) matrix, g°(k) = g(0, 0, u) is a column
vector and G(x, v) = {f%(x, v, u): u € U} C E" is a vector set. Let the boundary dG of the set G in a
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neighbourhood of the starting point x = 0, v = 0 be described by a positive scalar twice continuously
differentiable function R(x, v, €), where || e || = 1, e € E", in such a way that for each vector e there is
a unique control # & U for which

F8(xv u(xy &)= R(xv ,e)e (2.1)
We define the scalar function
D(x,v,s) =lsIVR(x,v,sNsll), seE"

Also R°(e) = R(0, 0, e), D%s) = D(0, 0, 5), G® = G(0, 0) is the set of vectors G(x, v) withx = 0, v = 0.

Theorem. Suppose that (1) in some neighbourhood of the pointx = 0,v = Oforue U, |Je| = 1, e
€ E” the functions f, g and R of (2.1) are twice continuously differentiable with respect to the set of
the variables involved, det (f9) # 0, R%e) > 0; (2) the function D) is strongly convex for s € E”; (3)
the function &(7, v) € CY[R' x R"], @(0, 0) = 0 and takes its smallest value in the region 7= 0,v e E”
at the point T = 0, v = 0, where ®’ = ad(0, 0)/0T = 0.

Then &) > 0 exists such that for all € € (0, g] and for x, = €% the optimal manifold of problem (1.4)
is unique, is a continuous function of x,, and has the following asymptotic forms

®*(x,) = e®%2D%e) + OE?), T(x,)= 9}‘%—3 +0(e?)
VRO T"
po(x,)= n{(er —To_(e)(l - {eiej})) + 0(8)]. -y 22)

90(%,) = Tpo(x,) £° + O(e?), H(x,)= n[e\/m"m +0(e? )]

where Q is a normalizing factor.
Here VR(s) = grad R(s) is a row vector, I is the identity (n x n) matrix and {e#;} is a symmetric matrix
in which each element is equal to the product {e#;} of components ¢; of the vectore (;,j = 1,2, ..., n).

Proof. We introduce new variables into (1.4): x = €%, v = ev, ¢ = &1, T = ¢t . It follows from Condition
3 of the theorem that ®}(7, v) = 0 for T = 0, v = 0. Thus, the minimized functional D (T, V) =
(T, v)/(e®) = £ + edy(g, £, v), and system (1.4) takes the form

d d _ _
= X= RAV+efi(e V), V= g2 (@) +eg, (e, 1, v.i0)

d - d m
Ep=‘£PI(E.P.q,x.V,u)v Eq=_pf|;o_€ql(e’P'q’x’v’u)

x(0)=v(0) =0, g(T)=-eB(e,%,v(%),q(0))
xR =e, lig(0)=1
(i1(e,q, %, V) = argmax, o, (9, 8° (u) + £, (€, X, V, 4)))

(23)

where the functions ¢, f}, g1, p1, g1, © are bounded and can be obtained from system (1.4).
From boundary-value problem (2.3) we obtain a system of 21 + 1 non-linear equations in the 2n +
1 unknowns py = p(0), go = g(0) and ©

¢e(e,%.po-qo)4e—x(e.%,po.qo)= 0
Ve (& P0.00)2(£°7) (" (&, %, Py 40) +£07) =0 (24)
8(g0) 2ol ~1=0

For the solution of system (2.4) to be unique and continuous, by the theorem on the solvability of
an implicit function it is sufficient to prove:
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1. that there is a unique solution for ¢ — 0 and the Jacobian of the transformation for this case is
non-degenerate when || e || = 1, that is

1 a(‘pe » \lle ] 8)
d= e1_1)1'(1)1+ det —8(1: 2o o) #0, 2.5)

2. the partial derivatives ¢, Y. are continuous with respect to all the variables that appear for € €

(0, gol.
We will prove the first statement. When € = 0, according to (2.3) p = 0. Thus p = pg, § = —-py f%and
g(t) = 0, and therefore gg = T p, f3. Then as € — 0+ system (2.4) takes the form

d .. 0,0 i
$o = lim ¢, = e~ 8" (u(g)) > =0
d a
T2 lim wT = g0(£)" -~ py =0, 5=0 @6)

e=0+

(u(qo) = arg tlgleal;((qo.g°(u)) =arg rpg;((qo(ﬁ YL £ W)

v

The projection £2%u) onto the constant vector go( f2) ! will be a maximum if f,%¢°(1(qo)) € 9G. Thus,
we can find s € E” for which

0.0 —pof S )5
b'e (ulgo) =R (llsll)llsll

If s € 8G®, then || s || = R%(s/|I s |l). Hence, D°(s) = 1 defines the surface BGO Thus if D°(s) is convex,
we can obtain equations for s as a condition for the collinearity of go(f %)! and grad, D%(s)

go (£ = Qgrad, D°(s), D°(s)=1 @7

where Q is a positive scalar multiplier. From the first equation of (2.6) ¢, = 0 for s = eR%(e) it follows
that

e-R%e)et?/12=0
Thus, © = V(2D%e)) (|| ¢ || = 1). From the second equation of (2.6) w5 = 0, we find that py = (1/%)

go(f2)". Computing the gradient in (2.7) and combining the positive scalar coefficients into a coefficient
Q which is computed from the normalizing condition 8 = 0, we finally obtain

0
Po =g(e7— If, (e)(I—{e,-ej}))

and also g = £ po 2. Thus, we have found a single-valued solution of system (2.6) as € — 0*.
We prove inequality (2.5) by introducing intermediate vector variables S € E”, P € E" and a scalar
variable Q by the formulae

S=£8°(ugo)¥ 12, P=1p]
Q =lge (£ MVDo(SHI
(there are 2n + 1 scalar variables in all). From (2.7), we can write system (2.6) in the form
bo=€~S8, ¥o=0VID*(S)~P, 8=U£TPI* -1 (2.8)

The Jacobian of the transformation S, P, O — ¢g, Y, 0 is non-degenerate when ¢g = 0, yg = 0,8 =
0. In fact, it can be represented as the determinant of the partitioned matrix
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- o 0"
9(9g, Vo, O)
dl=det%=det vo, -I" vTDO(S)

0, 2PTfTE 0

where I is the identity (n x n) matrix, 0} is the null (# X ) matrix, W is the square matrix dyy/dS, 0,
is a zero row vector and 0” is the null column vector. Thus

-r vIDo(s)
d, = det(=I")det =(-1)"2(V,D°(S), £°£°7P)
2PTfI~,OTf;’0 0

and since y, = 0 in (2.8), that is, V,D%(S) = P7/Q, we have

n 20 0Tz D"
d, =(-1"—=li Pll“*=2-——
L =(=1) 0 5 0

provided that § = 0 in (2.8). Thus, d; # 0.
The intermediate transformation S, P, Q — qo(f%), po, ©2/2, represented by the formulae
22
T 0 041 0 r__1
—=D"(S y = V s = e
2 (8), 9o(£) =QV.D°(S), p, t(S)P
is also non-degenerate if the conditions of the theorem and Egs (2.6) are satisfied.
In fact, like d; its Jacobian d, can be represented in the form of the determinant of the partitioned

matrix
1 of P
'.'1” —_ _— On
ot . " BS(T(S))
a(Po’ (f;) qO’ T /2)=det

d, = det P, S, Q) (1 oD°(S) vID%($5)

0 v.D%S) 0

n

where (a/aso)(P/‘t(S)) is an (n x n) matrix and D’ is the (n x n) matrix of the second derivatives of the
function D"(S) with respect to the components of the vector S. Then

Ips® Vi)
.

n oD%(s) VD)
det = (2.9)
T

d2 = det(ITn'

v.D%S) © v.D%s) o
It follows from the strong convexity of D°(S) that det D% > 0 [2]. Then A, (i = 1,2, ..., n), not all
zero, can be found for which

3
25D = s D%($) (2.10)

Hence, adding the remaining columns of (2.9) with coefficients —A; to the last column of
(VID'(S), 0) of dimension n + 1 (which will obviously not affect the original determinant) we
obtain

o {D%s)y o
d2=—,”—det

T v,D°(S) -Zp,DiA,

Expanding the determinant by the last column and using (2.10), we finally have
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n—1

-— det DY (~X;, ,Dg_‘jx,.x i) (2.11)

d2=

The quadratic form on the right-hand side of Eq. (2.11) is (greater than zero for any A; which are
not all zero since, again by virtue of the strong convexity of D"(S), it is positive definite. Thus d, # 0
(d2 < 0)

The last relation needed to complete the proof of the first part of the theorem

A py. (£2) 'g0, T /2)

dy = det
9(T, Py, 9o)

is obvious, since £ # 0 and by Condition 1 det(fJ) # 0. Hence, the Jacobian (2.5) d = —(d)/d,)ds # 0.

It is easy to show that the second proposition holds using the theorem on the continuous dependence
of solutions of a system of ordinary differential equations and their partial derivatives (with respect to
the initial data) on the initial data of Eqs (1.4).

A sufficient condition for the solutions x(t), v(t), p(¢), q(t) and their partial derivatives with respect
to the initial data in (1.4) to be continuous is that the functionsf, g are continuously twice differentiable
with respect to the set of variables that they involve x, v, u and the functions #(g, x, v), which can be
computed uniquely from the maximum condition in (1.4), are continuously differentiable with respect
to x, v, ¢ in some neighbourhood of the point x = 0, v = 0. The former is satisfied by virtue of the
initial assumptions of the theorem. We will examine the latter more fully.

In some neighbourhood of the pointx = 0, v = 0 Eq. (2.1) has a unique solution with respect to u
e U, where, by the hypotheses about g and R, the function u(x, v, €) (| e || = 1, e € E") are continuously
differentiable with respect to the set of variables involved. Thus, if the function

e(q, x, v)=s(q, x, v)/ R(x, v, shisli) (2.12)

[s(q, x, v)=arg max (‘I(fu . ))

is continuously differentiable with respect to g, x and v, then i(q, x, v) of (1.4) is continuously
differentiable with respect to the set g, x and v.
From (1.12) we obtain an equation for s(g, x, v) similar to (2.7)

q(f)" =0V, D(x, v, 5), Dix, v, 5)=1 (2.13)

where Q is a positive scalar normalizing factor.

Hence, for the derivatives of e(q, x, ©) to be continuous with respect to g, x and v, the components
of the variation & must be uniquely solvable with respect to the components of the variations 8q, &,
&v for ¢, x and v in (2.13). We can see from (2.13) that the system of linear equations in the variations
&s, 80 has a smooth matrix of the form

D.v.r(x’ v, S) VID(X, v, S)
V.D(x,v,s) O

which can be proved to be non-degenerate in the neighbourhood of the zero point by a similar argument
to the proof that the transformation with Jacobian 8, was non- degenerate For such a neighbourhood
to exist, it is necessary (but perhaps not sufficient) that the function D%(s) should be strongly convex,
and this is ensured by the second condition of the theorem.

Thus, in the given asymptotic case the boundary conditions of Eqs (2.4) are uniquely solvable
with respect to the initial values of the conjugate variables and transference time. This proves the
theorem.

3. ASCHEME FOR COMPUTING THE OPTIMAL MANIFOLD
We showed in Section 2 that the optimal manifold is continuously and uniquely defined by the set
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> 0 exists for which there is uniqueness and continuity for allx, € M = {x € E", ®*(x) < ®%}. The
values of the functions of the optimal manifold in the entire region M can be computed by the method
of continuation with respect to a parameter (CP) (see [3] for example) as follows.

1. Choose a pointx,# O sufficiently close tox = 0 (®*(xg) < @) and calculate the initial approximation
there using the asymptotic formulae of the theorem.

2. Improve the resulting approximation by solving boundary equations (2.4) numerically, by Newton’s
method, for example. ‘

3. Continue the solution from the optimal point T(x), go(¥o), Po(¥o) calculated to the entire region
M by the CP method.

The CP method can only be used to continue the solution along a one-dimensional curve which lies
inside the region M. The steps between points (vertices or nodes) on that curve at which the values of
the optimal manifold are computed are not constant. If the dimension of the space X in which the convex
region M is embedded is greater than one, we first construct a sequence of nodes lying along one of
the coordinates as far as the boundary of M. Then each node of the sequence is a generator for a new
sequence of nodes lying, for example, as far as the boundary of M along the second coordinate, with
the first coordinate fixed. By continuing in this way, the entire region M can be traversed after a finite
number of steps (nodes). However, it is important to emphasize the obvious point that increasing the
dimension by one increases the number of interpolation vertices by a factor equal to the average number
of vertices joined to each existing vertex. Thus, to save computer time, it is advisable to reduce the number
of interpolation vertices in the CP method by reducing their density at places where the interpolated
function changes sufficiently smoothly.

In the case of one-climensional regions, there are various ways in which the interpolation can be carried
out; the method of spline interpolation [4] is particularly suitable and efficient. For two-dimensional
regions, it is better to use interpolation over scattered points by means of a triangulation method; specific
numeral realizations can be found in the NAG library (Numerical Algorithms Group, EO1SBF—NAG
FORTRAN Routine Library Document). An effective method of interpolation over scattered points
for regions of dimension three or more is the modified Shepard method [5].

of functions ®*(x,), T(x,), po(x,); go(x,) in some neighbourhood of the terminal point x, = 0. Thus, o’

4. EXAMPLE

Consider the maximum fast flight (®(T, v) = T) of a spacecraft (SC) with a solar sail (SS) towards a given list
of asteroids with a circular heliocentric orbit.t The sail is assumed to be flat and ideally reflecting, and to be
controlled by two angles of orientation o and B (Fig. 1, where S in the sun, E is the Earth, and the cross denotes
the starting point). Here B € [0, n/2] is the angle between the normal to the sail and the direction away from the
Sun and a € [0, 2x] is the angle between the unit vector &, of a local basis of cylindrical coordinates (e, e, e,) and
the plane formed by the normal to the panel and the direction towards the Sun. It is assumed that at the initial
time the spacecraft was moving together with the non-attracting Earth, i.e. it has its velocity on the boundary of
its (point) sphere of action. We introduce the following coordinates of the terminal point (Fig. 1): d is the distance
from this point to the Earth’s orbit, y is the angle between the perpendicular to the Earth’s orbit from the terminal
point and the ecliptic plane and v is the angle in the ecliptic plane between the heliocentric radius vectors of the
spacecraft and the Earth at the final instant of the motion.

We will take the units to be the distance from the Earth to the Sun and the time taken for the Earth to rotate
around the Sun divided by 2x (that is, one year is equal to 2n radians), and relate the sail thrust to the parameter
a, which is equal to the ratio of the maximum sail thrust to the attraction of the Sun. The motion of the spacecraft
and solar sail is considered in a rotating system of coordinates associated with the Earth, in which the radius vector
of the spacecraft

x=(x;, xq, x3)T=(dcosw, dsiny, y)T

is associated with the actual non-rotating cylindrical coordinates (p, ¢, z) of the spacecraft by relations x; = p - 1,
X3 = z,x3 = ¢ ~ t (assuming that the coordinate of the Earth ¢ = 0 at time ¢ = 0). In projections onto the axes p,
¢, z the velocity vector of the spacecraft relative to the Earth v = (u, v — 1, v;), where u is the radial velocity in
the plane (p, 9), v = p¢ is the transversal velocity in the same plane, v, is the velocity in the x direction. The form
of the functions f and g for the controlled system (which follows from the equations of motion of the spacecraft
with a solar sail written in a non-rotating system of coordinates in the central field of the Sun’s attraction [6] is

tPOMZANOV, M. V, Interpolation of an optimal manifold for calculating the minimum flight time towards asteroids of a
spacecraft with solar sail. Preprint No. 45, Inst. im. M. V. Keldysha Ross. Akad. Nauk, Moscow, 1996.
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Fig. 1.
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2

, cos@=p/r, sin@=z/r

When d = 0 and y = 0 the spacecraft moves with the Earth.

The level lines of the minimum time T*(xy, x,) of flight towards the point (x;, x;) = (dcos y, dsin y) are shown
in the upper part of Fig. 2 for y € [0, ©], a = 0.083. The dashed curves are the boundary of the level lines in the
(x1, x2) plane for flight times T, (x,, x,), calculated analytically from the first of asymptotic formulae (2.2) of the

theorem

dsin ¢

0.2

-0.2

. 8V, wW=l-w/ip + E,/r°

53/"2

Vi o

9
'J_’z /J I” IJ '5
N e / ]
§\\\\_'// 7/
~N 7
Y

=0.2

g

Fig. 2.

;.Z“--’ W4 dcoscp



Computation of an optimal manifold to assist in the choice of a target 741
T2/2=(d/a)l costy, ye[-n/2, n/2]

The curves numbered 1, 2, 3, 4, 5, 6, 7, 8, 9 correspond to flight times 0.97; 1.49; 2.03; 2.59; 3.15; 3.71; 4.28; 4.84;
5.41.

The symmetry of T*, T, with respect to y and ~y means that the two graphs can be plotted on one figure. The
“solar sail” thrustor has an obvious peculiarity, in that the projection of the sail thrust onto the direction from the
Sun is always non-negative; thus, a spacecraft with a solar sail will not enter the Earth’s orbit as T — 0. For reasonably
long flight times T the actual picture is very different from that: a spacecraft with a solar sail can reach a point
inside the Earth’s orbit in roughly the same time as an external point the same distance away from the Earth’s
orbit.

Figure 3 shows curves of T*(d) (the solid curve) and T,(d) = V(2d/a) (the dashed curve) for y = 0, a = 0.083.
Clearly, the curves almost coincide up to d = 0.1-0.15, after which there is a considerable difference between the
limiting flight times and the exact values obtained by solving the boundary-value problem. Thus, in Fig. 2, even as
asymptotic level lines numbered 4, 5 and 6 differ markedly from the calculated ones for the same minimum times

The position of the asteroid in space x,(¢) is uniquely defined by the functions d,(t), y,(¢), ¥,(t) which depend
on orbit elements. In the calculation of the optimal manifold for the spacecraft with a solar sail, which depends
on Y,(f), where the region M is such that d, y, y € M (in the given example we took 7° = 5 rad), the dependence
of the minimum flight times on the date of encounter is

T(t,)=T"(d,(1,), ¥a(1,), Y,(,))

for asteroids which can be reached in a minimum time not greater than 7°.
Figure 4 shows these curves for the encounter period 4.01.97—4.01.98. The numbers on some of the curves indicate
the catalogue number of the asteroids [7] (all the times are measured in radians: 2r rad = 1 year).
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